Journal of Computational Acoustics,
cfIMACS

USE OF WAVE BOUNDARY ELEMENTS
FOR ACOUSTIC COMPUTATIONS

EMMANUEL PERREY-DEBAIN
School of Engineering, University of Durham, Durham DH1 3LE, UK
JON TREVELYAN
School of Engineering, University of Durham, Durham DH1 3LE, UK
PETER BETTESS
School of Engineering, University of Durham, Durham DH1 3LE, UK

Received
Revised

(to be inserted
by Publisher)

Discrete methods of numerical analysis have been used successfully for decades for the solution
of problems involving wave diffraction, etc. However, these methods, including the finite element
and boundary element methods, can require a prohibitively large number of elements as the wavelength becomes progressively shorter. In this work, a new type of interpolation for the acoustic
field is described in which the usual conventional shape functions are modified by the inclusion of
a set of plane waves propagating in multiple directions. Including such a plane wave basis in a
boundary element formulation has been found in the current work to be highly successful. Results
are shown for a variety of classical scattering problems, and also for scattering from non convex
obstacles. Notable results include a conclusion that, using this new formulation, only approximately 2.5 degrees of freedom per wavelength are required. Compared with the 8 to 10 degrees of
freedom normally required for conventional boundary (and finite) elements, this shows the marked
improvement in storage requirement. Moreover, the new formulation is shown to be extremely
accurate. It is estimated that for 2D Helmholtz problems, and for a given computational resource,
the frequency range allowed by this method is extended by a factor of three over conventional direct
collocation Boundary Element Method. Recent successful developments of the current method for
plane elastodynamics problems are also briefly outlined.

1. Introduction
This paper is concerned with recent developments in solving Helmholtz equation for short
wave problems using integral methods. Helmholtz equation is written here for reference as
follows:
∇2 φ + k 2 φ = 0
(1.1)
k is the wavenumber, given by k = 2π/λ, where λ is the wavelength. φ is the field variable
of interest, which could be acoustic pressure, wave elevation or an electro-magnetic potential, among many other possibilities. There is considerable interest in many application
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fields in the solution of equation (1.1), when the wavelength, λ is short, or the wave number, k, is large. Present finite and boundary element solutions require prohibitively large
numbers of field variables for modelling such problems so that there is a limit to the upper
frequency which can be considered, which is well below the range of high frequencies of
practical interest. In recent years a number of developments in the Finite Element Method
(FEM) community under the generic grouping of Partition of Unity Finite Element Methods (PUFEM) 1 showed an outstanding improvement of the approximation properties of
the standard FEM when applied to Helmholtz equation. Although this is not the place for a
complete survey, among these attempts can be noted the papers of Laghrouche and Bettess
2,3 , Mayer and Mendel 4 , Farhat 5 and Ortiz6 . Essentially, instead of using the conventional
finite element approximation within each element, a set of plane waves travelling in multiple directions is also included. This procedure permits inclusion of a priori information
about the local behaviour of the solution and the number of active variables can be greatly
reduced in some cases. In the domain of structural dynamic analysis, similar techniques
have been developed such as the Variational Theory of Complex Rays (Ladevèze et al. 7 )
or the Wave Based Method introduced by Desmet 8 . Other trigonometric-like bases have
been considered to enrich the conventional polynomial approximation for predicting high
order plate and beam bending modes (Beslin et al. 9 , Leung et al. 10 ).
In previous years, the use of the plane wave basis as introduced in the PUFEM 1 has
been theoretically investigated by de La Bourdonnaye 11,12 under the title of Microlocal
Discretization for solving scattering problems with integral equations but no numerical
results were reported. The method was developed further by Perrey-Debain et al. 13,14 ,
who show highly accurate results for scattering by circular and elliptical cylinders. In
another paper 15 , we give details of the implementation of the method, and investigate
its accuracy and numerical characteristics, including the condition number of the resulting
system matrices. This paper presents an outline of the method with new results regarding
scattering by non convex obstacles. Finally, in the last section, we briefly show how the
current method has been successfully applied for solving plane elastodynamic problems with
integral equations 16 .
2. Description of the method
2.1. Integral formulation
Consider a two dimensional obstacle Ω of smooth boundary line Γ in an infinite propagative
medium. Throughout this paper, we will consider either active obstacles with radiating
source v or perfectly reflecting obstacles impinged by an incident time-harmonic wave φ I .
By using the direct formulation via the Green second identity, equation (1.1) is reformulated
into a boundary integral equation on the boundary Γ as follows (e −iωt time-dependence)
φ(x) + 2

Z

Γ

∂G(x, y)
φ(y)dΓy = 2φI (x) + 2
∂ν

Z

Γ

G(x, y) v dΓy

,

x ∈ Γ,

(2.1)
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where ν is the normal unit vector directed into the obstacle, G is the free-space Green
function G(x, y) = √
(i/4) H0 (k|x − y|) where H0 is the Hankel function of the first kind of
order zero and i = −1.
2.2. Finite element basis
Following the classical BEM procedure 17 , equation (2.1) may be integrated numerically by
subdividing the boundary into elements, over each of which the unknown potential φ may be
expressed in terms of nodal values according to conventional interpolation using Lagrangian
shape functions. This requires that each element is sufficiently small, in comparison with the
wavelength (say 8 to 10 nodes per wavelength for engineering accuracy). The new feature
of the boundary elements presented here, and of the corresponding finite elements that have
been described in the literature, is that they express the potential φ as a summation of M
plane wave components in different directions. To do so, we first partition the boundary line
S
Γ into N elements, Γ = Γn=1..N . On each element, the potential is then approximated as
φ(x) =

3 X
M
X

Np (η)eikξl ·x φnp,l

,

p=1 l=1

x ∈ Γn ,

(2.2)

where functions Np stand for the standard quadratic Lagrangian polynomial:
N1 =

η
(η − 1),
2

N2 = (1 − η 2 ),

N3 =

η
(1 + η).
2

(2.3)

In equation (2.2), it is understood that η is a regular parametrization of the curve Γ n defined
by
Γn = {γn (η) : −1 ≤ η ≤ 1}.
(2.4)

It is important to recognise now that the coefficients φ np,l no longer represent the nodal
potentials, but are now the amplitudes of the set of M plane waves associated with the
shape function Np and element Γn . The continuity of the potential between two adjacent
elements will be satisfied if
n−1
φ3,l
= φn1,l

,

(n, l) ∈ [1, N ] × [1, M ],

(2.5)

(the index 0 is assimilated with index N ). This continuity requirement leads to 2M unknowns per element and the total degree of freedom of the system is then N d = 2M N .
Employing an engineering terminology, the element Γ n and the associated approximation
(2.2) will be referred to as a wave boundary element. Even though M could be considered
a function of p and n, the original method suggests the use of a constant number of plane
wave directions M and the use of a uniformly distributed set of directions:
2πl
2πl
, sin
ξl = cos
M
M










.

(2.6)

We can note that the plane wave approximation (2.2) automatically contains the conventional quadratic interpolation by simply setting M = 1 and ξ 1 = 0. This feature will allow
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us a comparison between the usual polynomial interpolation and the new plane wave basis
as shown in Section 3.
2.3. Element matrices and numerical integration
In conventional collocation BEM, the system matrix is formed by collocating the integral
equation (2.1) at the natural nodes of the mesh. The new type of approximation (2.2)
requires the definition of some extra collocation points in order to produce a square system.
These points have been originally chosen to be equally distributed in the parametric space
along each element though there might be many other ways of placing these points (see
Section 4.1). Now, let b be the right-hand side of (2.1) and x is a collocation point on
the element Γn0 such that x = γn0 (η̄). Replacing the potential by its the plane wave
approximation (2.2) into the integral formulation yields the following linear constraint for
the unknown coefficients,
N X
3 X
M 
X

Np (η̄)eikξl ·x δnn0 + 2

n=1 p=1 l=1

where

Z

+1
−1



Kn (x, η)Np (η)eikξl ·γn (η) dη φnp,l = b(x),

i
(x − γn (η)) · ν dγn
Kn (x, η) = H1 (k|x − γn (η)|)
,
4
|x − γn (η)|
dη

(2.7)

(2.8)

H1 is the Hankel function of the first kind of order one and δ denotes the Kronecker symbol.
Collocating (2.7) at Nd points yields the following matrix system
Aφ = (W + K)φ = b ,

(2.9)

where the vector φ contains the plane wave coefficients. The sparse matrix W stemming
from the first term of (2.7) can be interpreted as the plane wave interpolation matrix for
the potential φ, K is the boundary element matrix stemming from integrals of (2.7) and b
is the source vector containing either the incident wave or the radiating term. This latter
contains a logarithmic singularity that can be easily removed by using the cubic Telles’
transformation 18 . At this stage, it is worth noticing that the finite element basis (2.2)
allows a significantly increased element size as each element can contain many wavelengths
and conventional integration schemes 17 are not appropriate. In order to produce element
matrices at any desired accuracy whatever the element length, we consider a regular subdivision of the interval [−1, +1] and use 10 Gauss points over each subdivision. This procedure
is very effective as long as the integrand in the parametric space f (η) has good regularity
properties which is not the case when a collocation point belongs to the element to be
integrated. In this latter case, the integration scheme can be written as follows
Z

1

f (η)dη =
−1

Z

η̄

f (η)dη +
−1

Z

η̄

1

f (η)dη,

(2.10)
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where η̄ is the local coordinate of the collocation point. These two integrals are then
integrated using the same procedure as for the regular case. All operations are performed
with double precision and the Green’s function and its normal derivative are evaluated
using the routines for Bessel functions of fractional order (as recommended) from Numerical
Recipes19 .
2.4. Singular Value Decomposition and instabilities
Two sources of numerical instabilities are likely to spoil the solution of (2.9) if a direct solver
is used. The first one stems from the non invertibility of the integral operator (2.1) when k
is an eigenfrequency of the corresponding interior Dirichlet problem 20 . In order to alleviate
this non-uniqueness problem difficulty, we add some extra equations by collocating the
internal Helmholtz integral equation at so-called CHIEF points located inside the obstacle
21 . The second stems from the intrinsic nature of the plane wave approximation. These
instabilities are usually manifested in matrices with very high condition numbers and are
somewhat similar to those encountered when using source simulation techniques 22,23 . In
previous research, it has been observed that the condition number grows very rapidly as
the number of plane waves becomes large or as the frequency decreases 3,13 . We give an
explanation of this behaviour in 15 : the condition number is mainly governed by the number
of collocation points or samples per wavelength, α, and the number M of directions in the
plane wave basis. To illustrate our matter, we consider the regular discretization of the
circular cylinder of radius a with N elements:


Γn = γn (θ) = a(cos θ, sin θ)

,

θ=

π
(2n − 1 + η)
N

,



η ∈ [−1, +1] .

(2.11)

The number of plane waves M is chosen accordingly so that the total number of variables
is kept constant Nd = 2N M = 64. To cope with finite precision and inaccuracies of the
element matrices, we denote the computed version of the quantity X by X̂ = X +∆X. The
Singular Value Decomposition (SVD) of the overdetermined system matrix Â is performed
by the real SVD solver from Numerical Recipes 19 for which the complex matrix coefficients
have been previously transformed into real data by means of the following replacements:
âij

→

Re(âij ) −Im(âij )
Im(âij ) Re(âij )

!

.

(2.12)

The 2-norm condition number of Â is numerically evaluated as κ̂2 (Â) = σ̂1 /σ̂Nd where σ̂1
and σ̂Nd denote respectively the largest and smallest singular value. We define the number
of degrees of freedom (or equivalently the number of collocation points) per wavelength, α
by
Nd λ
α=
,
(2.13)
P
where P is the perimeter of Γ. This parameter is a useful measure of the efficiency of the
method. The influence of α and M on the conditioning effects are clearly illustrated in
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Figure 1. As the number of plane waves M increases, the condition number grows very
rapidly with respect to α and this behaviour has been observed for other obstacles. The
condition number will also increase moderately with the system dimension but its behaviour
with respect to α and M remains similar.

1.E+16
M=2
M=4
M=8
M=16
M=32

1.E+14

Condition number

1.E+12
1.E+10
1.E+08
1.E+06
1.E+04
1.E+02
1.E+00
2

3

4

5

6

7

8

d.o.f. per wavelength, a

Fig. 1. Condition number as a function of the number of directions M and α.

The condition number provides a measure of the calculational stability and high condition numbers generally yield vector solutions φ with high norm (few orders of magnitude)
which are likely to be corrupted by round-off errors. Curiously enough, this is not necessarily a major problem and good solutions for φ recovered after recombination in (2.2) can still
be obtained provided that the matrix coefficients have been computed with sufficient accuracy. In any cases, however, very small singular values will certainly reflect inaccuracies of
Â and best results have been obtained by discarding singular values below 10 −12 σ̂1 . In the
following sections, all numerical experiments have been carried out using this truncation.
3. Error analysis for simple configurations
3.1. A radiating problem
As a first test case, we consider the pulsating circular cylinder problem with v = 1. The
analytical solution is independent of θ and is given by
φ̃|Γ =

H0 (ka)
.
(kH1 (ka))

(3.1)

The discretization is strictly the same as the one of the previous section and 10 CHIEF
points are added to alleviate the non-uniquenes problem. The quality of the solution is
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controlled by the relative L2 error defined as
E2 =

kφ − φ̃kL2 (Γ)
kφ̃kL2 (Γ)

,

(3.2)

where φ and φ̃ denote the computed and exact solutions respectively. Table 1 compares
errors obtained for three configurations in the range of frequencies ka ∈ [0, 50]. The total
number of variables is kept constant, N d = 128. An interesting result is the ability of the
plane wave basis to represent a constant profile with 9 to 10 exact figures. These results are
somewhat similar to the corresponding scattering problem 14 and best results are obtained
by considering large elements with many directions.
3.2. Scattering problems
In this section, we shall present some results for the scattering of an incident plane wave
φI (x) = eikd·x propagating along the horizontal direction d = (1, 0) by a hard circular
cylinder of radius a. In polar coordinates, the field can be represented by separable solutions
and the exact scattered potential is given by the infinite series 24 :
∞
X
J00 (ka)
J 0 (ka)
φ̃ (x) = − 0
H0 (kr) − 2
in n0
Hn (kr) cos nθ ,
H0 (ka)
Hn (ka)
n=1
S

(3.3)

where x = r (cos θ, sin θ), Hn (kr) and Jn (kr) are, respectively, Hankel and Bessel functions
of the first kind and order n, and the prime denotes differentiation with respect to kr. This
series is well-behaved and allows us to produce very accurate results without deterioration
at high frequency.
In Table 2 are displayed errors obtained with M = 32 directions for a large frequency
range. The associated condition numbers are also presented. The number of wave boundary
elements is chosen according to (2.13) so that α = 2.5. The last two columns show results
obtained by using the quadratic approximation with α = 10 and the associated number
of conventional elements. In all cases we used 30 CHIEF equations. At low frequency
(say ka < 50), 2.5 degrees of freedom per wavelength seems too low to obtain a satisfying
solution. Results are much more accurate at higher frequencies and this is in agreement
Table 1. Relative L2 errors (%) for the pulsating circular cylinder.
ka
10
20
30
40
50

N =8,M =8
2.2 10−7
1.3 10−3
3.0 10−3
2.6 10−1
23.0

N = 4 , M = 16
3.1 10−8
1.0 10−6
3.2 10−5
8.9 10−1
4.2

N = 2 , M = 32
2.2 10−8
2.5 10−7
5.3 10−6
1.3 10−2
1.14
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with the high frequency approximation properties of the the plane wave basis (see de La
Bourdonnaye 12 ). Clearly, the accuracies and economies over conventional approximation
are very substantial for this frequency range. Because α and M are kept fixed, the condition
number grows moderately with respect to the system dimension and the truncation is not
active here. We can observe that these wave elements contains approximately 2M/α ≈ 26
oscillations.
At sufficiently high frequency and at least for rigid convex objects, it is known that the
distribution on the illuminated part of the scatterer can be determined on the assumption
that at every point the incident wave is reflected as if it were impinging on the infinite
tangent plane 24 . This approximation, known as physical optics, assumes that the secondary field stemming from the integral on the left-hand side of (2.1) can be disregarded
in comparison with the incident wave. Thus, φ ∼ 2φ I on the illuminated zone. For this
reason, the last results are optimum in the sense that one of the directions of the plane
wave set, see (2.6), actually coincides with the horizontal direction of the incident wave.
The influence of the angular origin of the distribution (2.6) can be conveniently described by
considering the new rotated set ξl+δ with 0 ≤ δ ≤ 1. Figure 2 shows the influence of δ for 4
configurations at k = 100. It is rather strong since one to two orders of magnitude variation
in error can be observed for any (M, N ) displayed. The very poor results obtained for the
cases [M = 16, N = 8, 0.2 ≤ δ ≤ 0.8] are simply due to an insufficient number of degrees
of freedom per wavelength (α = 2.55). Indeed, by taking 10 wave elements (α = 3.2), all
errors are found below 0.15%. As expected, the best result is 0.002% when δ = 0, 1.
We consider the scattering of an incident plane wave propagating along the direction
d = (cos θ I , sin θ I ) with θ I = 60◦ by a hard elliptical cylinder of semi-major axis a (resp.
semi-minor axis b). The analytical solution for the scattered field can be developed in terms
of Mathieu functions and is given in Jones 24 . We investigated the quality of the solution φ
for a relatively large range of aspect ratios (0.5 ≥ b/a ≥ 0.01). Results of Table 3 shows L 2
relative errors for the two cases:
(i) 1 wave element with M = 24 at ka = 20,
(ii) 1 wave element with M = 48 at ka = 40.
Table 2. Relative L2 errors for scattering by a hard circular cylinder.
ka
25.6
51.2
76.8
128.0
256.0
384.0
512.0

Rel. L2 err.(%)
M = 32, α = 2.5
11.7
1.68
0.47
0.05
0.02
0.14
0.68

Number of
wave elts
1
2
3
5
10
15
20

C.N. (log 10 (κ̂2 ( ˆ )))
M = 32, α = 2.5
4.1
4.2
4.6
5.6
6.5
7.1
8.0

Rel. L2 err.(%)
Quad., α = 10
0.68
0.65
0.74
0.65
not available
not available
not available

Number of
quad. elts
128
256
384
640
-

E2 (%)

Use of wave boundary elements for acoustic computations

10

3

10

2

10

1

10

0

10

-1

10

-2

10

-3

M=16 , N=8
M=32 , N=4
M=64 , N=2
M=16 , N=10

0

0.2

0.4

δ

0.6

0.8

1

Fig. 2. Influence of the angular origin on the errors for the scattering of a plane wave, k = 100.

Note that in both cases, the incident direction is considered in the set. The decrease of
the errors with respect to the aspect ratio is simply due to the increase of the parameter α
whose value is reported in the last column. The striking improvement between these two
tests stems from a better approximation of the plane wave basis as the number of directions
M increases. In Figure 3 are plotted the computed and analytical potentials on the single
wave element. This shows the global approximation properties of the plane wave basis as
well as the ability to handle corners with very small radius of curvature.
4. Efficiency of the method for non convex scatterers
Results from Table 2 concerning the scattering by a hard circular cylinder are certainly
Table 3. Relative L2 errors (%) for scattering by a hard elliptical cylinder. Only 1 wave element is used.
b/a
0.50
0.20
0.10
0.05
0.02
0.01

M = 24, ka = 20
1.20
0.43
0.09
0.05
0.05
0.05

M = 48, ka = 40
0.03
0.0007
0.0008
0.00005
0.00006
0.00008

α
3.11
3.58
3.71
3.75
3.76
3.76
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3

Analytical (Real part)
Computed (Real part)
Analytical (Imag. part)
Computed (Imag. part)

Total potential

2
1
0
-1
-2
-3

0

90

180
t (degrees)

270

360

Fig. 3. Potential along the ellipse, b/a = 0.01, θ i = 60◦ and ka = 40.

giving the best efficiency one would expect from the current method. The purpose of this
section is to test the efficiency of the plane wave basis when dealing with scattering by non
convex objects.
4.1. The boomerang-shaped obstacle
The profile of the scatterer is illustrated in Figure 4 and is described by the parametrization
γ(θ) = ([cos θ + 10 cos 2θ − 10]/10, sin θ) ,

0 ≤ θ ≤ 2π.

(4.1)

For the purpose of simplification, we will refer to the parameter t in degrees: t =
(180/π)θ. The two smooth sharp corners with very small radius of curvature are located at
t = 90◦ (top corner) and t = 270◦ (bottom corner). In this example, we are interested in
the scattering of a unit incident plane wave with direction 45 ◦ at k = 30. 4 configurations
have been tested and results are summarized in Table 4 and in Figure 5. Two sampling
schemes have been investigated (see Figure 4):
(i) a regular sampling in the parametric space that automatically concentrates the collocation points at the corners,
(ii) a regular sampling in the real space where the distance along the boundary line between
two collocation points is kept constant.
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Fig. 4. Location of the of the collocation points on the boomerang-shaped obstacle. Left: regular sampling
in the parametric space. Right: regular sampling in the real space.

The three first configurations gave good results whose differences are not distinguishable
on the plot and are therefore refered to a single curve labelled A. The last configuration
gave poor results (curve B). This shows that more information is needed near the sharp
corners than on the flat region of the boundary line and a regular sampling in the real space
is likely to diminish the efficiency. The 2D isoline picture of the absolute value of total
field around the scatterer is shown in Figure 6. Care was taken to ensure that values of the
potential in the vicinity of the boundary are computed with sufficient accuracy to take into
account the O(1/r) behaviour of the normal derivative of the Green’s function.
4.2. The star-shaped obstacle
The profile of the scatterer is illustrated in Figure 6 and is described by the parametrization
γ(θ) = [1 + 0.5 cos 10θ] (cos θ, sin θ)

,

0 ≤ θ ≤ 2π.

(4.2)

We are interested in the scattering of two unit incident plane waves of direction 0 ◦ and 90◦
at k = 30. Results are plotted in Figure 7. The curve [N = 6, M = 32] can be considered
as the exact solution and the associated efficiency is α = 3.7. The case [N = 5, M = 32]
gives satisfying results of engineering accuracy and the efficiency is α = 3.1. Surprisingly,
the plane wave approximation does not seem to be affected by this rather difficult test and
the efficiency remains very satisfactory.

Table 4. 4 configurations for the boomerang-shaped obstacle.
Configuration
N = 4 , M = 18
N = 3 , M = 24
N = 4 , M = 24
N = 4 , M = 18

Regular sampling
parametric space
parametric space
real space
real space

Solution
good
good
good
bad

Curve (Fig.5)
A
A
A
B

α
3.2
3.2
4.2
3.2

E. Perrey-Debain, J. Trevelyan and P. Bettess

5
A
B

Total potential (real part)

4
3
2
1
0
-1
-2
-3
-4
-5

0

90

180

270

360

parameter t (degrees)

Fig. 5. Potential on the boundary of boomerang-shaped obstacle due the scattering of a unit incident plane
wave of direction 45◦ at k = 30.

Fig. 6. Total field (abs. value) around the scatterer. Left: the boomerang-shaped obstacle (θ I = 45◦ at
k = 30). Right: the star-shaped obstacle (θ1I = 0◦ and θ2I = 90◦ at k = 30)
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Total potential (imaginary part)

4
N=5, M=32
N=6, M=32

3
2
1
0
-1
-2
-3
-4

0

45

90
parameter t (degrees)

135

180

Fig. 7. Potential on the boundary of the star-shaped obstacle due the scattering of two unit incident plane
waves of direction 0◦ and 90◦ at k = 30.

4.3. The submarine
As a final test, we adapt the plane wave basis for engineering applications such as the
scattering by an idealised bidimensional obstacle of submarine shaped section, of length
L = 18 and mean diameter D = 2.5 (Figure 8). The boundary line of the scatterer is
composed of straight lines and arcs of circles. The smooth corners are portions of circles with
radius 1/10. These simple curves are assembled such that the Jacobian of the transformation
is kept constant along the boundary line. This ensures the proportionality between the
length of the curve and the circular parameter θ as
Z

θ
0

dγ
P
θ,
dθ 0 =
0
dθ
2π

where P is the perimeter of the scatterer.

Fig. 8. Submarine shape.

(4.3)
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Three high-frequency tests has been carried out and results are summarized in Table 5.
We can note that the linear relation (4.3) automatically provides a regular discretization
of the scatterer and a regular distribution of collocation points along the boundary line.
The matrix solver used here is an optimised QR decomposition from the Compaq Extended
Math Library (CXML) which have been shown to be much more efficient than the SVD
solver. The penultimate column shows the Root Mean Square value of the plane wave
coefficients. These values can be much higher than the norm of the physical solution φ
recovered after recombination in (2.2). This stems from round-off errors associated with
small singular values which have not been discarded. Fortunately, their effects are rather
mild as long as the matrix coefficients are computed with sufficient accuracy (in practice,
about 40 integration points per wavelength is recommended). The last row gives the total
CPU time, which is mostly consumed for the computation of the system matrix, the time
for solving the system (in brackets) being only 3 minutes for the last case (k = 120).
An acceleration of the integration procedure is a subject of further investigation and it is
believed that the CPU time could be reduced by an order of magnitude.
Scattering results are conveniently illustrated on Figure 9 where the far-field pattern (in
decibels) has been plotted for the case: k = 40 and θ I = 215◦ . The far-field pattern φ∞
is defined by the asymptotic behavior of the scattered wave φ S (x) = eik|x| |x|−1/2 φ∞ (x̂) +
O(|x|−3/2 ) as |x| → ∞, uniformly for all directions x̂ = x/|x| and is given by
φ∞ (x̂) =

s

k −iπ/4
e
8π

Z

Γ

x̂ · ν(y)e−ikx̂·y φ(y)dΓy .

(4.4)

Discrete values of (4.4) have been computed on a fine resolution with 20 evaluation points
per degree. The secondary peak located at 145 ◦ stems from the reflection of the incident
field from the top surface of the submarine. A zoom of the primary peak is also shown.
5. Application for plane elastodynamic problems
The success of the plane wave approximation for Helmholtz problems led us to ask whether
such a representation of the unknown function could also succeed for elastic waves. Let us
consider the scattering of an incident elastic wave u I by a bidimensional cavity Ω of smooth
boundary line Γ. Using the Somigliana identity, the boundary value problem can be written
as 25
Z
u(x) + 2 T (x, y)u(y) dΓy = 2uI (x) , x ∈ Γ,
(5.1)
Γ

Table 5. Scattering by submarine, (all calculations are performed on a single-processor 2 GHz Pentium IV).
k
40
80
120

θI
215◦
345◦
45◦

L/λ
115
230
345

N
4
8
12

M
100
100
100

α
2.95
2.95
2.95

rms

9.0 101
1.4 102
1.8 103

Time (QR CXML)
16 min (6 s)
2 h 23 min (50 s)
8 h 58 min (3 min)
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Fig. 9. Far-field pattern plot for the submarine, θ I = 215◦ at k = 40.

where the integral is taken in the sense of the Cauchy principal value. T is the Stokes’
traction tensor which describes the dynamical stress field at y due to a time-harmonic
point force at x at frequency ω. We denote using k p the compressional wave number
and ks the shear wave number associated with (5.1). The link between the vector field u
and the potential φ of the previous section becomes clear when considering the Helmholtz
decomposition for the displacement field 26 , namely
u = ∇φp + ∇⊥ φs ,

(5.2)

where the Lamé potentials φp (resp. φs ) are solutions of the Helmholtz equation with wave
number kp (resp. ks ). Now, we consider a plane wave basis of the type (2.2) for φ p with
Mp directions and similarly for φs with Ms directions. By introducing these two plane wave
approximations in (5.2) and keeping the leading order terms (i.e. k p and ks sufficiently
high) leads to the following representation using a set of P-waves and S-waves as
u(x) =

3
X

p=1

Np (η)


Mp
X


l=1

upp,l,n ξl eikp ξl ·x +

Ms
X
l=1

usp,l,n ζl⊥ eiks ζl ·x





,

x ∈ Γn ,

(5.3)

where directions ξl and ζl have been chosen to be evenly distributed on the unit circle. The
terms upp,l,n and usp,l,n no longer represent the value of the displacement, but are instead
the amplitudes of the set of P-waves and S-waves. Here again, the approximation (5.3)
can be easily transformed to the conventional quadratic interpolation. It suffices to set
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Mp = Ms = 1 and consider the basis
u(x) =

3
X

e=1

Ne (η){upe,1,n e1 + use,1,n e2 }

,

x ∈ Γn ,

(5.4)

where e1 and e2 form the natural Cartesian basis of the plane. This last expression is
a quadratic approximation and for this particular case, coefficients u pe,1,n and use,1,n stand
respectively for the horizontal and the vertical component of the displacement field u associated with node e on element Γn .
The algebraic system is obtained by collocating (5.1) at some points regularly distributed
on the boundary Γ. Futhermore, the condition of zero displacement at points of the internal
domain is used in order to cancel the non-uniqueness problem 21 . The Cauchy principal
value of singular integrals involved in (5.1) are performed using the procedure developed
by Guiggiani and Casalini 27 . All operations are performed with double precision and
the Stokes’ traction tensor terms are evaluated using the routines for Bessel functions of
fractional order from 19 . In order to keep a good accuracy when computing these terms
for a very small argument (typically k s |x − y| < 10−4 ), asymptotic formulas derived from
the series expansion given in 28 are used. The overdetermined system then is solved by a
standard Singular Value Decomposition routine and small singular values below 10 −12 σ̂1
are discarded in order to avoid round-off errors and to achieve a better accuracy.
We shall present some results concerning the scattering of a S-wave travelling from the
left to the right along the horizontal direction u I (x) = −e2 eiks e1 ·x impinging a circular
cavity of radius a. In all cases, the compressional wave number is chosen accordingly such
that ks /kp = 2 which is a common value for a wide range of materials. This problem has an
analytical solution that can be found in 29 . The boundary discretization is perfectly regular
and we consider two configurations:
(i) 3 wave elements with Mp = 24 and Ms = 48,
(ii) 108 conventional quadratic elements.
The number of degrees of freedom used for both methods is N d = 432. The efficiency of
the wave element is clearly illustrated in Table 6 where relative L 2 errors are computed at
Table 6. Relative L2 errors (%) for the scattering of a S-wave by a circular cavity.
ks a
10
20
30
50
70
80

Wave element
8 10−7
4 10−6
2 10−5
9 10−5
4 10−2
2.4

Quadratic element
0.1
1.1
6.1
47
81
95

d.o.f. per wavelength
21.6
10.8
7.2
4.3
3.1
2.7
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different frequencies. In the last column is reported the associated degree of freedom per
wavelength (we consider the smallest wavelength: 2π/k s ). The striking result is that the
new wave elements have errors between 4 and 5 orders of magnitude smaller than those of
the conventional elements. Moreover, they extend the useful frequency range up to 4 times.
In this example, the efficiency of the method both in terms of accuracy and computational
savings is very similar to the Helmholtz problem.
6. Conclusion
A new type of boundary element called wave element has been presented. The method
involves the use of plane waves to multiply the boundary element shape functions. Accurate
results have been demonstrated for classical scattering problems. In practical terms, the
results of this work show that, for any given amount of computational resource, these wave
boundary elements enable the supported frequency range to be extended by a factor of
3 to 4 over conventional, direct collocation boundary elements for two-dimensional cases.
The method may be expected to show even greater improvements in frequency range for
three-dimensional analysis. Since this addresses the single most important factor limiting
the use of discrete numerical methods in analysis of wave problems, this advance is expected
to have a significant impact on a wide variety of engineering simulations.
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