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Abstract
Comprehensive measurements are reported of the critical current density
(JC ) of internal-tin and bronze-route Nb3 Sn superconducting wires as a
function of magnetic field (B  23 T), temperature (4.2 K  T  12 K)
and axial strain (−1.6%  εI  0.40%). Electric field–temperature
characteristics are shown to be equivalent to the standard electric
field–current density characteristics to within an experimental uncertainty of
∼20 mK, implying that JC can be described using thermodynamic variables.
We report a new universal relation between normalized effective upper
∗
critical field (BC2
(0)) and strain that is valid over a large strain range for
Nb3 Sn wires characterized by high upper critical fields. A power-law
∗
relation between BC2
(0, εI ) and TC∗ (εI ) (the effective critical temperature) is
observed with an exponent of ∼2.2 for high-upper-critical-field Nb3 Sn
compared to the value 3 for binary Nb3 Sn. These data are consistent with
microscopic theoretical predictions and suggest that uniaxial strain
predominantly affects the phononic rather than the electronic properties of
the material. The standard Summers scaling law predicts a weaker strain
dependence than is observed. We propose a scaling law for JC (B, T , εI )
based on microscopic theory and phenomenological scaling that is
sufficiently general to describe materials with different impurity scattering
rates and electron–phonon coupling strengths. It parametrizes complete
datasets with a typical accuracy of ∼4%, and provides reasonable
predictions for the JC (B, T , εI ) surface from partial datasets.

1. Introduction
Nb3 Sn superconducting wires, which are used in almost all
high-field superconducting magnets operating above 12 T [1],
have a critical current density (JC ) that depends on the magnetic
field (B), the temperature (T ) and the strain-state (ε) of the
superconductor [2–13]. Of the strain components that are
generated in magnets due to thermal contraction and Lorentz
forces, uniaxial strain is generally accepted to have the most
significant effect on JC in Nb3 Sn [14–19], and represents an
area of considerable research effort. This is motivated in
particular by the International Thermonuclear Experimental
0953-2048/05/120241+12$30.00 © 2005 IOP Publishing Ltd

Reactor (ITER), which will inductively heat and confine
a plasma for fusion physics applications [20–24]. There
is, however, currently no consensus on the best approach
to parametrizing JC (B, T , ε) data for magnet design, or
on the underlying physics. Field and temperature scaling
laws for JC were first observed by Fietz and Webb [25]
and have underpinned a large body of experimental and
theoretical work [1, 3, 26, 27]. A field and strain scaling
law was developed by Ekin [6] based on JC data obtained
at 4.2 K for Nb3 Sn wires characterized by relatively low
values of upper critical field. The first unified scaling law
for JC (B, T , ε), proposed by Summers et al [28], combined
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the Fietz-Webb and Ekin laws and parametrized the data
available at the time quite accurately. However, following
the development of apparatus capable of controlling both
temperature and strain and the investigation of a number of
different Nb3 Sn wires, various alternative JC (B, T , ε) scaling
laws have been proposed [2, 5, 17, 29–31]. One of the
authors has shown that an interpolative scaling law (ISL) allows
accurate parametrizations of comprehensive data for Nb3 Al
and Nb3 Sn wires [5, 31]. However, this scaling law uses
polynomial functions for the strain-dependent parameters, and
therefore contains a relatively large number of empirical free
parameters and cannot generally be used to extrapolate beyond
the measured regions of parameter space (e.g. the measured
strain range).
In this paper, a new scaling law for JC (B, T , ε) is
presented that incorporates microscopic theory into the
phenomenological scaling framework, thereby reducing the
number of free parameters and elucidating the physical
mechanisms that determine the strain effects in Nb3 Sn. The
strain-dependent upper critical field (BC2 (0, ε)) and critical
temperature (TC (ε)) are accurately determined from detailed
JC (B, T , ε) data for ternary Nb3 Sn wires, and their relationship
is analysed using microscopic theory (Eliashberg [32–38]
and Ginzburg–Landau–Abrikosov–Gor’kov theory [39–41],
adopting a similar approach to Welch [14]). Hence an
empirically and theoretically justified scaling law is obtained
with a number of important differences to previous scaling
laws [2, 28] that can be understood in terms of the different
impurity scattering rates in binary and ternary Nb3 Sn.
Furthermore, a comparison between the theory and the
experimental results allows us to address the question that has
been investigated by a number of authors concerning whether
the uniaxial strain effects in Nb3 Sn are predominantly due to
changes in the electronic or the phononic properties of the
material [14, 35, 42–45].
The paper is structured as follows: in section 2, the
experimental techniques are summarized. Section 3 contains
the main experimental results, presenting detailed JC (B, T , ε)
data for the internal-tin and bronze-route wires used in
the ITER model coils. These data are subject to various
consistency tests, and then parametrized using the interpolative
scaling law and the strain dependence of the superconducting
parameters described. In section 4, the observed relationships
between BC2 (0) and TC are examined using microscopic
theory.
Finally, in section 5, the new scaling law is
presented and its accuracy in parametrizing complete and
partial JC(B, T , ε) datasets is considered.

2. Experimental techniques
Detailed measurements were made on two types of 0.81 mm
diameter multifilamentary Nb3 Sn wire: an internal-tin wire
made by Europa Metalli-LMI and a bronze-route wire made
by Vacuumschmelze. The wires were subject to standard heattreatments (terminating at 650 ◦ C for 175–200 h) [46], and then
etched in hydrochloric acid to remove the chromium plating
and transferred to copper–beryllium ‘helical-spring’ sample
holders [47, 48], to which they were attached by copper-plating
and soldering. The experiments were carried out using our
strain probe [31, 49], which can twist one end of the spring
S242

with respect to the other and hence apply an axial strain to
the wire. The strain values quoted characterize the average
strain in the wire. They are calculated using data from straingauge calibrations, with correction factors of ∼2% (tee-shaped
springs) and ∼9% (rectangular springs) obtained from finite
element analysis to account primarily for the strain gradient
across the wire [48]. Measurements at 4.2 K were made with
the sample directly immersed in a liquid-helium bath. At
temperatures above 4.2 K, the sample was located in a variabletemperature enclosure with three independently controlled
Cernox thermometers and constantan wire heaters [50]. The
voltage (V ) across a section of the wire (typical length ∼
20 mm) was measured using a nanovolt amplifier and a digital
voltmeter, with most of the measurements being made at
constant temperature (T ) with a slowly increasing current (I ),
although some additional measurements on the first internal-tin
sample were made at constant current with a slowly increasing
temperature.
For the first internal-tin sample, V –I measurements were
made at 4.2 K at applied strains from 0.49% tension to −0.48%
compression and magnetic field up to 15 T. The applied strain
was then set to zero and the probe was warmed to room
temperature so that the variable-temperature enclosure could
be fitted. The probe was then cooled back to 4.2 K and
the applied strain was changed to −0.48% (−0.76% intrinsic
strain) where V –I and V –T measurements were carried out.
V –I measurements were then made at different applied strains
from −0.48% to 0.61% and then to −0.81%. The second
internal-tin sample was measured in magnetic fields up to 23 T
in a resistive magnet at the European high-field laboratory in
Grenoble, where V –I data were obtained at a temperature of
4.2 K at applied strains between +0.49% and −0.48%. For
the bronze-route wire, V –I measurements were carried out at
4.2 K in fields up to 15 T (sample 1), at 8 and 12 K in fields up
to 15 T (sample 2) and at 4.2 K in fields up to 23 T in Grenoble
(sample 3). In agreement with previous results [30, 46, 48], the
data were generally found to be reversible to within ∼4% after
the applied strain cycles. There were no significant differences
between the results for different samples of the same wire:
for example, equivalent JC data at fields  15 T obtained in
Durham and Grenoble agree to within ∼2%.
The paper provides engineering critical current density
(JC ) data calculated by dividing the critical current (IC ) by
the total cross-sectional area of the wire (5.153 × 10−7 m2 )
and defined at an electric-field criterion of 10 µV m−1 . JC was
calculated using the value of current in the wire alone, obtained
by subtracting the current in the normal shunt (typically 50 mA)
from the total current [51].

3. Experimental results and preliminary analysis
3.1. Interlaboratory comparisons
Interlaboratory comparisons of variable-strain JC data for the
internal-tin and bronze-route wires and cables are shown in
figure 1, where the normalized critical current at 4.2 K and
13 T is plotted as a function of intrinsic strain. Intrinsic
strain (generally assumed to be the total axial strain on the
superconducting filaments) is defined as [11, 35, 48, 52]
εI = εA − εM ,

(1)
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Figure 1. Interlaboratory comparisons of the normalized critical
current as a function of intrinsic strain at 4.2 K and 13 T for
(a) internal-tin (EM-LMI), (b) bronze-route (Vac) and (c) second
bronze-route (Furukawa) ITER Nb3 Sn wires. Critical currents were
measured at 10 µV m−1 or calculated at 10 µV m−1 from
measurements performed at higher electric-field criteria using
n-values measured in Durham (the error bars show the effect of
these calculations on the normalized values). The legends show the
spring material (or the CICC jacket material), the value of applied
strain where the critical current is a maximum (εM ) and the value of
the critical current at this maximum (ICM ) [29, 53–55, 92].

where εA is the applied strain and εM is the value of applied
strain at the peak in JC. Figure 1 also shows data for a
second bronze-route wire manufactured by Furukawa [53].
The measurements in other laboratories were performed on
individual wires at the University of Twente using a different
type of ‘bending spring’ [29], at the University of Geneva
using a helical spring [54] and on cable-in-conduit conductors
(CICCs) at Forschungszentrum Karlsruhe using an ‘axial pull’
system [55]. It can be seen that the agreement between the
normalized critical current data from different laboratories is
generally good: for measurements on single wires, typical
variations are ±5%, although the CICC data are less strainsensitive in compression. We have particular confidence in our
internal-tin wire data because six different samples on springs
of various materials and geometries all show a similar intrinsic
strain dependence for JC to within ±5% [46, 48]. These results
demonstrate the reliability and generality of the data prior to
comparisons with theory.

Figure 2. Log–log plots for the internal-tin (EM-LMI) wire at
−0.48% applied strain of (a) electric field versus engineering current
density at 9 T and at 0.1 K increments between 6.6 and 7.2 K, and
(b) electric field versus temperature at a constant total current of
50 A and at 9 and 9.5 T. In (b), the open symbols show the E–T
characteristics, while the closed symbols show points extracted from
the E–J characteristics (e.g. on the dashed line in (a)).

3.2. E–J and E–T characteristics
Figure 2(a) shows the electric field–engineering current density
(E–J ) characteristics for the internal-tin wire at −0.48%
applied strain, at a magnetic field of 9 T and at 0.1 K
temperature increments. Figure 2(b) shows the electric
field–temperature (E–T ) characteristics for a total current
of 50 A and magnetic fields of 9 and 9.5 T, together
with equivalent E(J, B, T , ε) data points taken from E–J
characteristics. Figure 3(a) compares JC and TCS (currentsharing temperature [22, 56]) data obtained from E–J and
E–T characteristics at an electric-field criterion of 10 µV m−1
throughout the superconducting phase. It can be seen that the
data superimpose, with a typical uncertainty of ∼20 mK.
The E–J data can be parametrized by the standard powerlaw expression [57]:
E(J, B, T , ε) = E C [J /JC(B, T , ε)]n ,

(2)

where the n-value for the internal-tin wire is approximately
constant over one order of magnitude of electric field (at
constant B, T and ε), but decreases slowly with increasing
electric field. The E–T characteristics can also be described
by a power law, where the exponent is again approximately
constant over one order of magnitude of electric field (we
note, however, that an exponential dependence gives a
similarly accurate parametrization [58]). Figure 3(b) shows a
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FP =

∗
(T , ε)]n p
A (ε)[BC2
b (1 − b)q ,
[κ1∗ (T , ε)]m

(4)

∗
∗
(T , ε) and BC2
(T , ε) is the effective upper
where b = B/BC2
critical field, which is parametrized by
∗
∗
(T , ε) = BC2
(0, ε)(1 − t ν ).
BC2

E-J
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(b)

The JC (B, T , ε) data can be parametrized using the
interpolative scaling law (ISL) [5] in which the volume pinning
force (FP = JC B) is given by [26]
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Here, t = T / TC∗ (ε) and TC∗ (ε) is the effective critical
temperature. κ1∗ (T , ε) is the Ginzburg–Landau parameter
given by [5]
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Figure 3. (a) Engineering critical current density (and critical
current) and (b) n-value as a function of temperature at integer
magnetic fields between 2 and 12 T. The closed symbols show the
results obtained from the E–J characteristics, while the open
symbols show the results calculated from the E–T characteristics.
JC values were determined at 10 µV m−1 and n-values in the range
10–100 µV m−1 . The values were calculated using the total current
(including the shunt current); hence, the n-values are typically
∼0.75 lower than the shunt-subtracted values.

where η(ε) = 1 − 12.2(kB TC /h̄ωln )2 ln(h̄ωln /3kB TC ) is a
strong-coupling correction to the BCS value of the ratio
µ0 γ TC2 /[BC (0)]2 (ωln is an average phonon frequency) and
γ (ε) is the electronic specific heat coefficient [5, 33, 40].
Combining equations (4) and (6), incorporating A (ε), η(ε)
and γ (ε) into a single strain-dependent parameter A(ε) and
setting m = 2 (similarly to previous work [3, 5, 31]) results in
the following expression for JC(B, T , ε):
JC (B, T , ε) = A(ε)[TC∗ (ε)(1 − t 2 )]2
∗
× [BC2
(T , ε)]n−3 b p−1 (1 − b)q .

comparison of n-values obtained from the E–J characteristics
(for electric fields between 10 and 100 µV m−1 ) and calculated
from the exponent of the E–T characteristics (∂ log E/∂ log T )
via the following expression:



∂ log E 
∂ log E ∂ log JC 
=
∂ log T T =TCS
∂ log JC ∂ log T T =TCS

TCS ∂ JC 
= −n
.
(3)
JC ∂T T =TCS
The data lie on a single curve to within ∼100 mK, which
corresponds to systematic changes in temperature during the
transition (10–100 µV m−1 ) of ∼10 mK. Unpublished data
for a number of ITER-candidate wires show that, in high
magnetic fields, JC is also a non-hysteretic function of applied
magnetic field and temperature, consistent with other data in
the literature on similar wires [59] and unlike some hightemperature superconductors or granular materials [60–62].
Figures 3(a) and (b) together demonstrate that E(J, B, T , ε)
(i.e. JC(B, T , ε) at arbitrary electric-field criteria) is a pathindependent, single-valued function. This implies that E–T
measurements of JC (B, T , ε) made in large model coils should
be consistent with E–J measurements on the component
wires [22, 56], and that JC can in principle be described using
thermodynamic variables.
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(7)

The scaling law therefore involves the exponents n, p, q and
∗
ν, and the parameters A(ε), TC∗ (ε) and BC2
(0, ε). These
strain-dependent parameters are constrained to be fourth-order
polynomial functions of applied strain with a stationary point
(e.g. maximum) at a common value, εM .
The interpolative scaling law is found to enable extremely
accurate parametrizations of the JC data over the large
ranges of magnetic field, temperature and strain that were
investigated. The RMS differences between the measured
and calculated values are 1.40 A for the internal-tin wire
and 2.05 A for the bronze-route wire. The parametrizations
are compared graphically with the measured JC (B, T , ε) data
in figures 4 and 5. Figure 4 also shows a comparison
between the measured data for the internal-tin wire and the
values for JC(12 T, 4.2 K, εI ) calculated using the standard
Summers scaling law [28, 63], with the free parameters
obtained by fitting the data for |εI | < 0.22%. Summers
predicts a weaker strain dependence for JC than is observed
experimentally for both the internal-tin wire and the bronzeroute wire (comparison not shown)—typical RMS differences
are ∼10 A [23, 24]. It will be shown in sections 3.4 and 4.1
that the expressions used in the standard Summers scaling
law [28, 63] for the strain dependence of the superconducting
parameters and their interrelationship are not valid for ternary,
high-upper-critical-field Nb3 Sn.
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3.4. The strain dependence of BC2 and TC
Figure 6 shows the upper critical field as a function of
temperature for the internal-tin wire at −0.48% applied strain

(close to the estimated strain in the ITER toroidal field model
∗
(T , ε) data were obtained from the
coil [22, 23]). The BC2
Kramer plots in figure 7, where the good straight-line fits
demonstrate that in this case the magnetic field dependence
of JC can be parametrized with p = 1/2 and q = 2 (at
least for IC > 1 A) [27]. It can be seen that equation (5)
∗
(T , ε) data.
with ν ≈ 1.5 provides a good fit to the BC2
Two other fits to these data are also shown: the Maki–
de Gennes relation for a dirty superconductor with no Pauli
paramagnetic limiting [39, 64, 65], and the Summers scaling
law relation [28]. Also shown in figure 6 are the values of upper
ρ
(T , ε)) determined at a current of 0.5 A and an
critical field (BC2
electric-field criterion of 10 µV m−1 (5–20% of the transition
height). These low-current-density values of BC2 and TC are
∼0.75 T and ∼0.8 K higher than the values obtained from the
Kramer plots (and equation (5)). At this value of strain, the
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4. Relationship between strain-dependent
superconducting parameters
4.1. Power-law relationship and experimental data
An empirical power-law relationship between BC2 (0, εI ) and
TC (εI ) was first proposed by Ekin (although originally in terms
of the upper critical field at 4.2 K) [6]:
w

TC (εI )
BC2 (0, εI )
.
(8)
=
BC2 (0, εI = 0)
TC (εI = 0)
The exponent w ≈ 3 was estimated by combining
∗
(4.2 K, εI ) data obtained from JC measurements on binary
BC2
S246
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measured JC goes to zero less rapidly than the Kramer lines,
with a ‘tail’ that is usually associated with the distribution
of TC and BC2 in technological wires [5, 66]. A reasonable
interpretation of the difference is that the scaling law values
∗
and TC∗ are characteristic values for the bulk of the
of BC2
material (they are relatively insensitive to the low-JC values in
the tail), while the resistivity values give the maxima (or ‘best
parts’) of the distributions in BC2 and TC [5, 6, 67, 68]. The
distributions can be attributed to composition gradients across
the filaments [66, 68].
∗
(0, εI ) for
Figure 8(a) shows normalized values of BC2
the internal-tin and bronze-route wires, as well as additional
data for the second bronze-route wire (Furukawa) [53] and
∗
(0, εI ) follows an
a modified jelly roll (MJR) wire [5]. BC2
approximately universal relation, which is largely independent
of the choice of p and q [6]. Figure 8(a) also includes two
different datasets obtained from the literature, represented by
best-fit lines [6, 42]. These values were calculated from the
∗
(4.2 K, εI ) data using equations (5) and (8), although the
BC2
∗
at T = 0 and
differences between the normalized values of BC2
4.2 K are not large (the values for the second bronze-route wire
were also calculated in this way) [28]. The less strain-sensitive
line taken from Ekin’s well known work represents relatively
∗
(0, εI = 0) of ∼24 T [6],
clean Nb3 Sn with low values of BC2
while the more strain-sensitive line is for Nb3 Sn wires with
∗
(0, εI = 0) [42]. The
Ta additions and higher values of BC2
differences between binary and ternary Nb3 Sn are predicted
by microscopic theory (see section 4.2) and have been noted
previously [1, 42, 69, 70]. The ITER-candidate and other
recently developed Nb3 Sn wires have ternary additions of
Ti (the internal-tin wire) or Ta (the bronze-route wire) and
∗
(0, εI = 0): typically 28–30 T.
relatively high values of BC2
Hence the better agreement with the previous ternary data
rather than the binary data correlates with the higher values
∗
(0, εI = 0). The higher strain-sensitivity of JC for the
of BC2
internal-tin wire in relation to the other wires (see figure 1) is
∗
(0) and TC∗ at zero intrinsic
due to lower absolute values of BC2
strain (see section 5).
Figure 8(b) shows normalized values of TC∗ (εI ) for the
ρ
internal-tin, bronze-route and MJR wires and TC (εI ) data
obtained from resistivity measurements for the MJR wire.
ρ
ρ
The TC (εI ) data and BC2 (T , ε) data (not shown) are less
strain-sensitive than the scaling-law values—behaviour that
is observed in all of the wires we have investigated and can
be related to strain (and temperature) variations in the lowcurrent-density tails discussed above.
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(b)
Nb3Sn

0.9

MJR (ρ )
MJR (ISL)
Bronze-route (ISL)
Internal-tin (ISL)
w = 2.2

0.8

0.7
-1.5 -1.2 -0.9 -0.6 -0.3

0.0

0.3

0.6

Intrinsic Strain (%)

Figure 8. (a) The normalized effective upper critical field at T = 0
and (b) normalized effective critical temperature as a function of
intrinsic strain for different Nb3 Sn wires. In (a), the symbols show
data for wires measured in Durham and the solid line shows a
universal fit to these data, while the dotted line is for previous
∗
measurements on low-BC2
(0) wires [6] and the dashed line for
∗
high-BC2
(0) wires [42]. For the second bronze-route (Furukawa)
∗
data and the dashed and dotted lines, BC2
(0) was calculated from the
∗
BC2
(4.2 K) data using equations (5) and (8). In (b), the solid line is
∗
(0) data and
calculated using the universal fit to the normalized BC2
the power-law relation with w = 2.2, while the dotted line shows
TCρ (εI ) data obtained from resistivity measurements for the MJR
wire.

χ

Nb3 Sn wires [6] with TC (εI ) data (available in the literature
at the time) from susceptibility measurements on a different
set of binary Nb3 Sn wires [11]. The power law with w = 3
is currently used in a number of scaling laws for JC (B, T , ε),
∗
including the Summers law [2, 28, 63]. The original (low-BC2
)
data give a value of w = 3.8 if the upper-critical-field data at
∗
4.2 K are used directly. In figure 9(a), we plot BC2
(0, εI ) values
χ
∗
calculated from the BC2 (4.2 K, εI ) and TC (εI ) data using the
Maki–de Gennes relation: in this case, the best fit gives w =
χ
3.6. Assuming that TC (εI ) and TCρ (εI ) behave similarly, the
different strain dependences presented in this work for scalinglaw and resistivity data imply that high values of w are partly a
χ
∗
result of combining BC2
and TC data. Also shown in figure 9(a)
are values obtained from low-current-density measurements of
ρ
BC2 (T , εI ) for the bronze-route Nb3 Sn wire (I = 0.5 A), the
MJR Nb3 Sn wire (30 mA) [5] and a jelly-roll Nb3 Al wire

Scaling law for the strain dependence of JC in Nb3 Sn
(a) Resistivity measurements
( : res. and susceptibility)
32
28

Bronze-route
w = 1.9 ± 0.3

(b) Effective values
Interpolative Scaling Law
Bronze-route
2.2 ± 0.1

Table 1. Microscopic parameters determined from tunnelling
measurements on Nb3 Sn [71] and Nb3 Al (23 at.% Al) [72]. Also
shown are the values of TC calculated using equation (9) with the
measured values of ωln , λ and µ∗ , and the values of µ∗ calculated
using the measured values of ωln , λ and TC .

24
20

ωln (meV)
ω2 (meV)
λ
µ∗ meas. (calc.)
TC (K) calc. (meas.)

Upper Critical Field at T = 0 (T)

16
32
28

MJR
2.5 ± 0.3

MJR
2.6 ± 0.1

24

Nb3 Sn

Nb3 Al

10.8
15.0
1.8 ± 0.15
0.16 ± 0.03 (0.14)
16.2 (17.5)

9.5
13.5
1.7 ± 0.05
0.15 ± 0.02 (0.10)
13.9 (16.4)

20

correction factors of order unity [32]. Alternative TC equations
have been proposed, including one by Kresin [36–38] which
is also considered below. The electron–phonon coupling
parameter is related to the bare electronic density of states at
the Fermi energy N (0) and a weighted RMS phonon frequency
ω2 by [34]:
N (0)I 2 
λ=
,
(10)
Mω22

16
32
28

Jelly-roll Nb3Al
2.3 ± 0.2

Jelly-roll Nb3Al
1.8 ± 0.6

Low-BC2 Nb3Sn
3.6

Internal-tin
2.0 ± 0.5

24
20
16
32
28

where I 2  is the average over the Fermi surface of the
electron–phonon matrix element squared and M is the average
ionic mass. The electronic specific heat coefficient γ is related
to N (0) and λ by [34]

24
20
16
14

16

18

14

16

18

Critical Temperature (K)

Figure 9. Log–log plots of upper critical field at T = 0 versus
critical temperature for different A15 wires: (a) data from resistivity
and other measurements; (b) effective values obtained by fitting the
JC data using the interpolative scaling law [5]. The solid lines show
the best power-law fits and the legend shows the values of the
exponent w. (All panels have the same scale.)

(30 mA) [31], where equation (5) was used to extrapolate to
T = 0 and B = 0. It can be seen that for these A15 wires,
the values of w are all between ∼1.9 and ∼2.5. In addition,
∗
(0, εI ) and TC∗ (εI ) obtained
figure 9(b) shows the values of BC2
using the interpolative scaling law from the comprehensive
JC (B, T , ε) datasets available for four different A15 wires.
These are also consistent with the power law and give similar
values of w, despite the different strain dependences observed
(see section 3.4). This implies that distributions in BC2 and
TC due to composition gradients, for example, do not have
a significant effect on the exponent w. For Nb3 Sn wires
∗
(0, εI = 0) (approximately
characterized by high values of BC2
28–30 T), the values of w  2.5 are significantly lower than the
∗
(∼24 T) Nb3 Sn
values (w  3) obtained for binary, low-BC2
wires.
4.2. Analysis using microscopic theory
The Allen and Dynes equation gives the critical temperature
of strongly coupled superconductors in terms of various
microscopic parameters [32, 34]:


f1 f2 h̄ωln
1.04(1 + λ)
,
(9)
kB TC =
exp −
1.20
λ − µ∗ − 0.62λµ∗
where ωln is a weighted logarithmically averaged phonon
frequency, λ is the electron–phonon coupling parameter, µ∗ is
the effective Coulomb-repulsion parameter, and f 1 and f2 are

γ = 23 π 2 kB2 N (0)(1 + λ).

(11)

The parameters ωln , ω2 , λ and µ∗ determined from tunnelling measurements on Nb3 Sn [71] and off-stoichiometric
Nb3 Al [72] are shown in table 1. In the analysis described below, we will use µ∗ as a free parameter to fit the measured zerointrinsic-strain values of TC , which can generally be achieved
with relatively small changes in µ∗ (see table 1) [40]. We will
make the assumption that the variations of µ∗ or I 2  with
strain are considerably less important than the other parameters, and hence they can be considered as constants. We will
also assume that the strain dependence of the normalized average phonon frequencies (ωln and ω2 ) is the same [19]. These
assumptions are discussed in more detail in section 4.3.
The variation of TC with uniaxial strain can be related to
variations in the average phonon frequencies and/or variations
in the bare electronic density of states at the Fermi energy.
Due to a lack of detailed information in the literature about
the uniaxial strain dependence of these parameters, we will
begin by considering the two extreme cases: firstly that
the strain dependence of TC is entirely due to the strain
dependence of the average phonon frequencies, and secondly
that strain only affects electronic properties (i.e. N (0)). For
Nb3 Sn, figure 10 shows how TC varies in these two cases:
TC decreases approximately linearly as either ωln increases
or N (0) decreases. In both cases, a decrease in TC of 23%
(corresponding to εI = −1.55% for the bronze-route wire)
is caused by a change of ∼20% in ωln or N (0). Figure 10
also shows the results obtained using the Kresin TC equation
(together with equation (10)) [36–38] for the case where only
phononic changes occur. These results agree to within ∼3%
with those obtained using the Allen and Dynes equation (a
similar agreement is also observed for changes only in N (0)—
not shown), which, given our assumption of identical strain
dependences for ωln and ω2 , is to be expected as both equations
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1.2
Nb3Sn

Normalized Parameters
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N(0) const.:
ωln(εI)/ωln(0)
γ(εI)/γ(0)
ωln const.:
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γ(εI)/γ(0)
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Figure 10. Calculated microscopic parameters for Nb3 Sn as a
function of critical temperature, with all quantities normalized to
their values at zero intrinsic strain. Square symbols, ωln and γ
calculated assuming constant N(0); round symbols, N(0) and γ
calculated assuming constant ωln . The calculation assumes that µ∗
and I 2  are constant and that the strain dependence of the
normalized values of ωln and ω2 is the same [19]. The data
connected by solid curves are calculated using the Allen and Dynes
equation (equation (9)); the data connected by dotted curves are
calculated using the Kresin TC equation [36–38]. The maximum
reduction in critical temperature (23%) corresponds to the measured
reduction for the bronze-route (Vac) wire at −1.55% intrinsic strain.

Figure 11. Log–log plot of the calculated upper critical field at
T = 0 versus critical temperature for Nb3 Sn, with both quantities
normalized to their values at zero intrinsic strain. Two cases are
considered: (a) N(0) is constant and ωln and ω2 vary with uniaxial
strain, and (b) ωln and ω2 are constant and N(0) varies with strain.
The symbols are for λtr (εI = 0) = 3, the error bars for
λtr (εI = 0) = 5.5 and 1 at their extrema and the dotted and dashed
lines for λtr (εI = 0) = ∞ (extreme dirty limit). All data are
calculated using the Allen and Dynes equation; the Kresin TC
equation gives values of w that are lower by ∼0.1. The maximum
reduction in critical temperature (23%) corresponds to the measured
reduction for the bronze-route (Vac) wire at −1.55% intrinsic strain.

are valid for Nb3 Sn with λ ≈ 1.8 [19, 73, 74]. The data shown
in figure 10 are calculated for Nb3 Sn with TC (εI = 0) = 17.5 K
(bronze-route wire), but the relationships between the reduced
parameters and the reduced critical temperature are insensitive
(to within ∼1%) to quite large variations in TC (εI = 0) (∼1 K).
These relationships are also similar (to within ∼1%) for Nb3 Al,
although the critical temperature of Nb3 Al is a factor of ∼3 less
sensitive to uniaxial strain [31].
The upper critical field at T = 0 can be calculated using
the following expression [39–41]:

for Nb3 Al [78]. Analysis of data for monofilamentary bronzeroute Nb3 Sn wires [79] shows that λtr (εI ≈ 0) = 3 ± 2.5
for materials with tertiary additions (Ti, Ta) and optimal
upper critical fields, which are similar to the technological
wires that we have measured (the uncertainty in λtr given
here is calculated from the uncertainty in S). By setting
λtr (εI = 0) = 3, the variation of BC2 (0) can be calculated
using equations (12) and (13), with γ (εI = 0) and ρn calculated
from the measured value of BC2 (0) at zero intrinsic strain (for
the bronze-route wire with BC2 (0, εI = 0) = 27.6 T, we get
values consistent with the literature [41], ρn = 41 µ cm and
γ (εI = 0) = 860 J m−3 K−2 , although the conclusions given
below are independent of the precise values of BC2 (0, 0)).
For λtr  1 (the ‘clean limit’) the first term in the square
brackets in equation (12) dominates and BC2 (0) ∝ (γ TC )2 ,
whereas for λtr  1 (the ‘dirty limit’) the second term
dominates and BC2 (0) ∝ γ TC. For intermediate values of
λtr , BC2 (0) is approximately proportional to (γ TC )v , where the
exponent v depends only on λtr and has a value between ∼1
and ∼2. The variation of γ with TC (see figure 10) is such that
an approximate power-law relationship between BC2 (0) and
TC is also obtained (equation (8)), with an exponent (w) that
depends on λtr and on the relative contribution of electronic
and phononic changes. Figure 11 shows a normalized log–
log plot of the calculated values of BC2 (0, εI ) as a function
of TC (εI ) for Nb3 Sn. It can be seen that the relationship is
indeed quite accurately described by a power law with, for
λtr (εI = 0) = 3, the exponent w = 2.4 for the case where
only ωln varies with uniaxial strain, and w = 3.0 for the case
where only N (0) varies with strain. These values are for fits
over the range 0.77  TC (εI )/TC (0)  1, which is relevant for
comparison with our experimental data in figure 9 although
w can vary depending on the exact temperature range chosen

BC2 (0) = 0.973µ0 η BC2 (0) κ ∗ (0, λtr )[R(λtr )]−1
× [7.30 × 1037 (γ TC /S)2 + 2.78 × 106 γ TCρn ],
1/2

(12)

where η BC2 (0) is a strong-coupling correction of order
unity [40], κ ∗ is the reduced temperature-dependent Ginzburg–
Landau parameter (κ ∗ (0, 0) = 1.26 and κ ∗ (0, ∞) = 1.20),
R(λtr )(1 + λtr )−1 is the Gor’kov function (R(0) = 1 and
R(∞) = 1.17), λtr is the reduced mean collision frequency
given by [41]:
λtr = 0.882ξ0∗ /ltr = 3.81 × 10−32 S 2 ρn /(γ TC ).

(13)

ξ0∗ is the renormalized BCS coherence length, ltr is the
electron mean free path, S is the Fermi surface area, and
We
ρn is the low-temperature normal-state resistivity.
note that although equation (12) neglects Pauli limiting
and spin–orbit scattering [75, 76], this is justified both
experimentally [41, 77] and theoretically [40] for some
strongly coupled superconductors including Nb3 Sn, as
discussed in the excellent review by Carbotte [40].
Both S and ρn are expected to be largely independent
of uniaxial strain, and are considered as constants with S =
(1.7±0.7)×1021 m2 for Nb3 Sn [41] and (1.8±0.7)×1021 m2
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by about ±0.1. The deviations from the power law are such
that w is larger (by 0.6) closer to TC (εI )/TC (0) = 1. We
have investigated alternative functional forms that describe
the theoretical data in figure 11 rather better, but have not
used them in this paper because the power law is reasonably
accurate for both clean and dirty superconductors and the
improvement in JC parametrization was not sufficiently large.
Given the large uncertainties in λtr , we have also shown in
figure 11 the results and values of w for λtr (εI = 0) = 5.5
and 1 (1 is considered as the lower bound for Nb3 Sn with
BC2 (0, εI = 0)  27 T), as well as for the extreme dirty limit
(λtr = ∞). It can be seen that w increases as λtr (εI = 0)
decreases or the relative contribution of variations in N (0)
increases. If the Kresin equation for TC is used instead of
the Allen and Dynes equation then the values of w obtained
are lower by typically 0.1. Similar results are obtained using
data from measurements on Nb3 Al thin films [78] that imply
λtr ≈ 7, corresponding to w ≈ 2.5 (variations only in
ωln ) and w ≈ 2.9 (variations only in N (0)) for the range
TC (εI )/TC (0)  0.92 (εI = −1.4% for the jelly-roll Nb3 Al
wire).
4.3. Comparison of theoretical and experimental results
Comparing the theoretical values for w (figure 11) with
the experimental data (figure 9), it can be seen that the
agreement is considerably better if the strain dependence of the
average phonon frequencies is the dominant factor. Assuming
λtr (εI = 0) = 3, microscopic theory gives w = 2.4 if N (0)
is constant (and higher values if N (0) varies) which can be
∗
compared to the typical experimental values for high-BC2
(0)
wires between ∼2 and ∼2.5. Our results are therefore in
agreement with the implications of Testardi’s work [43–45],
who related the strain dependence of TC to the large phonon
anharmonicity effects in A15 superconductors [80, 81]. Recent
work also shows that the strain dependence of the critical
temperature in Nb3 Sn can be explained using a 3D model
which assumes that changes only occur in the phonon
spectrum [35]. Alternatively, various properties of A15
compounds have been related to peaks in the electronic density
of states near the Fermi energy [82, 83]. However, it has
been noted that tertiary additions would broaden these peaks
and therefore cause a reduction in the strain-sensitivity of TC
if the variations in N (0) were indeed the dominant factor,
whereas the opposite effect is observed experimentally (see
figure 8(a)) [42]. Band-structure calculations [84–86] also
show that there is only a relatively small decrease in N (0)
(<3%) for the transition from the cubic to the tetragonal phases
of Nb3 Sn. Here, the distortion of the unit cell in the tetragonal
phase [45] can be considered as equivalent to a macroscopic
strain of εI ≈ −0.44% (calculated by equating the deviatoric
strain components [17]): the lower values of TC (∼1 K in
otherwise equivalent materials) [87] and BC2 (0) (∼3 T) [77]
observed for the tetragonal phase are indeed broadly consistent
with our strain results (see figure 8).
Some other results in the literature can be used to assess
the validity of the assumptions made in the analysis and
the conclusions about the microscopic mechanism. Due
to a lack of information about uniaxial strain effects, it is
necessary to discuss measurements of microscopic properties

as a function of various other adjustable parameters. In
measurements on Nb3 Sn under hydrostatic pressure [19],
changes in both N (0) and ωln were observed, and the parameter
I 2  increased slightly as N (0) decreased (in contrast to
our assumption of I 2  = constant). The large differences
between the effect of non-hydrostatic (uniaxial) strains and
hydrostatic strains on the superconducting properties (TC ) [14]
may indicate that there is a different mechanism operating
in each case (indeed, the dependences are of opposite sign
in V3 Si [42, 88]). Nevertheless, such a correlation between
N (0) and I 2  [89] would tend to increase the calculated
value of w and therefore, from the comparison with the
experimental data, further strengthen the case for phononic
changes being the dominant factor. We also note that
experimental [90] and computational [91] data show that I 2 
is approximately constant for series of different niobiumbased superconductors. Tunnelling measurements [73] on
Nb–Sn samples with varying stoichiometry show that µ∗ is
approximately constant for variations in TC of ∼7 K, consistent
with our assumption for the case of uniaxial strain. In these
measurements, the largest changes in α 2 F(ω) occurred at
lower frequencies and therefore ωln varied more than ω2 (by
∼50% for variations in TC of ∼3 K): this effect would also tend
to increase the calculated value of w (and further emphasize
the role of phononic changes).
Comparison between our experimental data and theory
∗
Nb3 Sn uniaxial
provides strong evidence that in high-BC2
strain predominantly changes the average phonon frequencies
rather than the electronic density of states at the Fermi energy.
The theory—in which w decreases with increasing impurity
scattering rate—also provides a straightforward explanation
for low values of w (2.5) for ternary Nb3 Sn compared to
the binary materials (∼3.6) [6, 11]. Estimating λtr ≈ 1
for the binary Nb3 Sn wires [79], and considering values of
TC (εI )/TC (0)  0.94, gives w ≈ 3.3 for the case where
phononic changes dominate and w ≈ 3.9 for the case where
the electronic changes dominate.

5. A scaling law for JC (B, T, ε)
Using the phenomenological framework (section 3) and the
results of microscopic theory (section 4), we propose a
scaling law for JC(B, T , ε) including equations (5) and (7)
together with equation (8) (the power-law relationship between
∗
(0, εI ) and TC∗ (εI )), which is taken to be valid for different
BC2
electron–phonon coupling strengths and impurity scattering
∗
(0, εI ) by the following
rates. We propose parametrizing BC2
expression:
∗
(0, εI )
BC2
= 1 + c2 εI2 + c3 εI3 + c4 εI4 ,
∗
BC2
(0, 0)

(14)

and using equation (8) to calculate TC∗ (εI ). Figure 8 shows
that decreases in the strain sensitivity of TC∗ (εI ) are correlated
with increases in the exponent w, which is consistent with
the data for binary and ternary Nb3 Sn and is sufficient to
∗
(0, εI )
produce an approximately universal relationship for BC2
for the ternary data presented in this paper. Hence the
∗
(0, εI ) is expected to be less sensitive
parametrization of BC2
to the compositional variations that occur in technological
superconductors.
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Table 2. RMS errors for fits to the comprehensive JC (B, T, ε) data
using various scaling laws.
RMS error (mean IC ) (A)
Scaling law
ISL [5]
u free
u=0
u = 1.25
A(0), TC∗ (0),
∗
(0, 0),
BC2
εM free

Internal-tin wire

Bronze-route wire

MJR wire

(42.5)
1.40
1.40
1.40
1.55

(61.4)
2.05
2.50
2.50
3.20

(35.7)
1.35
1.68
1.81
2.33

2.10

6.60

5.71

We also include in the scaling law the following power-law
relationship between A(εI ) and TC (εI ):

 ∗
TC (εI ) u
A(εI )
,
(15)
=
A(0)
TC∗ (0)
as proposed by Summers [28]. Using equations (4), (6) and (7),
the prefactor A(εI ) can be written as
A(εI ) = 0.97µ0 A (εI )γ (εI )/η(εI ).
1/2

(16)

The results from microscopic theory presented in section 4.2
allow the term γ (εI )/η(εI ) in equation (16) to be related to
TC∗ (εI ). Assuming that A (εI ) = constant, an approximate
power-law relationship between A(εI ) and TC∗ (εI ) is then
obtained with an exponent u that is independent of scattering
rate and equal to 1.25 (variations only in ωln ) or 1.65 (variations
only in N (0)). As shown in table 2, however, the fits to the

complete datasets using the scaling law with u = 1.25 have
RMS errors that are ∼30% higher than the fits with u as a free
parameter. The optimum values for u are approximately zero
for the internal-tin and bronze-route wires and approximately
−1 for the MJR wire, although the latter value has a large
associated uncertainty, as shown by the small increase in the
error that is observed when u is fixed at zero (see table 2).
Hence the large uncertainties in u (and our assumption about
the value of m) prevent any definite physical interpretation
of A (εI ) at this stage [13, 26]. The optimum values of u in
the scaling law can be compared with the Summers scaling
law, in which the variation of the prefactor was fixed so that

∗
(0, εI )]n with n  = 1, in approximate
FPM (0, εI ) ∝ [BC2
agreement with Ekin’s strain scaling law (FPM (0, εI ) is the
maximum volume pinning force at T = 0) [6, 28]. In the
scaling law, n  = w−1 [u + 2 + w(n − 2)] and has values of
∼1.1 (internal tin) and ∼1.2 (bronze route).
Using equations (5), (7), (8), (14) and (15) to fit the
complete JC (B, T , ε) datasets for the bronze-route, internal-tin
and MJR [5] Nb3 Sn wires gives RMS errors of ∼1.5–2.5 A, as
shown in table 2. The scaling law involves 13 free parameters
(compared to 17 for the ISL), the optimum values of which are
shown in table 3.
Universal values for the scaling-law parameters are
required to make predictions of JC (B, T , ε) based on
partial datasets (e.g. from measurements at single values
of temperature and/or strain). Table 4 shows a set of
universal values proposed for ternary, high-upper-critical-field
Nb3 Sn. These include the Kramer values of p = 1/2 and
q = 2 [26, 27], a value of ν = 3/2 that approximately
describes (to within ∼2%) the Maki–de Gennes relation

Table 3. Scaling-law parameters for (a) the MJR (OST) wire, (b) the bronze-route (Vac) wire and (c) the internal-tin (EM-LMI) Nb3 Sn wire.
Note that for the values given in the table intrinsic strain is in units of % and the calculated JC is the engineering critical current density in
units of A m−2 .

(a) MJR wire
p

q

n

ν

w

0.4763

2.150

3.069

1.240

2.545

A(0)
3−n
(A m−2 T
K−2 )

TC∗ (0)
(K)

∗
BC2
(0, 0)
(T)

6.417 × 106

18.00

29.17

u

c2
−0.6457

−0.912
c3

εM (%)
0.2421
c4

−0.4514

−0.1009

(b) Bronze-route wire
p
0.4625

q
1.452

A(0)
3−n
(A m−2 T
K−2 )
9.460 × 106

TC∗ (0)
(K)
17.58

n
2.457

ν
1.225

w
2.216

u
0.051

εM (%)
0.3404

∗
BC2
(0, 0)
(T)
29.59

c2
−0.6602

c3
−0.4656

c4
−0.1075

(c) Internal-tin wire
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p
0.4741

q
1.953

A(0)
3−n
(A m−2 T
K−2 )
7
2.446 × 10

TC∗ (0)
(K)
16.89

n
2.338

ν
1.446

w
1.936

u
−0.056

εM (%)
0.2786

∗
BC2
(0, 0)
(T)
28.54

c2
−0.7697

c3
−0.4913

c4
−0.0538
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Table 4. Approximate universal values for the scaling law
parameters in order to fit partial JC (B, T, ε) datasets for ternary
Nb3 Sn wires, including the coefficients of a fifth-order polynomial
∗
for normalized BC2
(0) (c0 = 1, c1 = 0). The values on the top row
can be used for various types of partial dataset (e.g. variable-strain
data at 4.2 K combined with variable-temperature data at zero
applied strain). If only variable-strain data are available, a value of
TC∗ (0) ≈ 17.5 K is also required. All of the values can be used if
only variable-temperature data are available (in which case an
estimate of εM is also required [93, 94]).
p
0.5
u
0

q
2
c2
−0.752

n
2.5
c3
−0.419

ν
1.5

w
2.2

c4
0.0611

c5
0.0619

for BC2 (T ) [39, 64, 65], and a half-integral value of n = 5/2
observed for a number of Nb3 Sn wires [3, 5]. The universal
∗
(0, εI ) shown in
relation for the normalized values of BC2
figure 8(a) can be described by a fifth-order polynomial with
values for the coefficients as shown in table 4. Based on our
comprehensive data for the internal-tin, bronze-route and MJR
wires, and consistent with microscopic theory, we propose the
universal value of w = 2.2. Variations in w of approximately
±20% are observed (and are expected due to variations in the
dirtiness of the Nb3 Sn). Given the accuracy of the fits shown in
table 2, we also propose a value of u = 0 (i.e. A(εI ) = const).
It can be seen by comparing tables 3 and 4 that there are
some differences between the optimum and universal values
for the scaling-law exponents, particularly for the bronze-route
wire where the assumption that p = 1/2 and q = 2 leads
to unphysically high values for the effective upper critical
field (∼35 T). The fits to the complete JC (B, T , ε) datasets
∗
(0, 0),
using the set of universal parameters (i.e. with A(0), BC2
∗
TC (0) and εM as the free parameters) have RMS errors that are
∼5–15% of the mean critical current (see table 2). We have
completed a comprehensive analysis of the parametrization of
partial datasets and have noted in table 4 the optimal use of
the universal values that enable similar levels of accuracy to
be achieved when extrapolating from partial datasets.

6. Conclusions
Comprehensive JC (B, T , ε) data are presented for the internaltin (EM-LMI) and bronze-route (Vac) Nb3 Sn superconducting
wires used in the two ITER model coils. Various consistency
tests demonstrate good interlaboratory agreement and that JC is
a single-valued function of B, T and ε. For high-upper-criticalfield (28–30 T) Nb3 Sn wires, we report an approximately
∗
(0) and intrinsic
universal relationship between normalized BC2
∗
(0, εI ) and
strain, and a power-law relationship between BC2
∗
TC (εI ) with a typical value of ∼2.2 for the exponent. Both
results differ from those obtained previously for binary, low∗
(0) and
upper-critical-field (∼24 T) Nb3 Sn wires in which BC2
∗
TC are less strain dependent and the power-law exponent is
larger (3). The standard Summers scaling law therefore
predicts a weaker strain dependence for JC and does not
accurately fit the JC (B, T , ε) data for the internal-tin or
bronze-route wires. Analysis of the relationship between
∗
(0, εI ) and TC∗ (εI ) using microscopic theory shows that
BC2
the calculated value for the power-law exponent decreases

with increasing impurity scattering rate in agreement with
the experimental data, and that the uniaxial strain effects
are predominantly due to changes in the average phonon
frequencies rather than the electronic density of states at
the Fermi energy. We propose a scaling law to describe
JC (B, T , ε) in technological Nb3 Sn wires with high values
of upper critical field, motivated by microscopic theory and
phenomenological scaling. The scaling law incorporates a
∗
polynomial function for normalized BC2
(0, εI ) and modified
power-law relations between the strain-dependent variables.
It allows accurate (∼4%) parametrizations to be made of
complete JC (B, T , ε) datasets and, with appropriate universal
values for some of the parameters, reasonably accurate
predictions to be made from partial datasets.
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